
CALCULATION OF STRESSES AND STRAINS
IN A SPHERICAL VOLUME FILLED WITH WATER
CAUSED BY ITS FREEZING
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Formulas for calculating stresses and strains in a spherical water–ice system and a numerical method for
solving the Stefan problem are presented. The processes of freezing and development of stresses and strains
in such a system have been calculated.

Introduction. The last few years have seen a rising interest in nontraditional methods of material processing.
One of them is freezing. It is used to preserve perishable food products, to separate moisture in concentrating liquid
substances, and in sublimation drying of bodies. Industrial production of foodstuffs by the sublimation method has
found wide application and continues to develop intensively. Sublimation drying is an effective method of dehydration
without affecting the structure, shape, and volume of materials with an unstable structure and a strong dependence of
dimensions on the moisture content in them.

Freezing of cells and individual organs is currently an urgent problem in medicine. It is used in prolonged
storage, transportation, and transplantation of organs, in creating banks of donor sperm and ova, and in storing skin,
cornea, and bone marrow. One of the reasons inhibiting the application of freezing in medicine is mechanical destruc-
tion of bodies.

Freezing of organic objects is topical in agriculture, where the problem of the influence of low temperatures
in winter and during light frosts on crops, perennial plants, and ripe crops is acute. There exists the problem of freez-
ing of inanimate objects, among which are buildings, structures, grounds and soils. For instance, one reason for the de-
struction of buildings and engineering structures is the freezing of water in the pores and voids. The cyclicity of this
process leads to the formation of a network of microcracks, which decreases the strength and the bearing capacity of
structures and leads, in the course of time, to their destruction. Cases are known where heaving of the ground due to
its freezing led to a strong deformation and destruction of buildings.

Formulation of the Problem and Methods of Its Solution. To investigate the development of stresses and
strains in a material caused by its freezing, let us consider the process of freezing of a liquid confined in a spherical
shell representing a conglomerate of ice and the structurizing base (material). Consider two variants of freezing out of
water: in a rigid shell and in a shell that can deform under pressure in an expanding water–ice system.

When the liquid is confined in a rigid shell and freezes out, then the ice formed (i.e., ice I), expanding, com-
presses the water and a complex strain state arises in the system. The larger the ice interlayer, the higher the pressure
in the liquid phase and finally it reaches a value equal to Pcr = 2.1⋅108 Pa at which ice III is formed. The calculations
show that the water density at Pcr has a value of 1.11⋅103 kg/m3, whereas the density of ice III is in the range from
1.1⋅103 to 1.15⋅103 kg/m3. Therefore, it may be considered, with an error of less than 5%, that they are in agreement,
and we may assume them to be equal. This means that freezing will not lead to the formation of other modifications
of ice except for ice III and will not increase the pressure in the system to above Pcr, which considerably simplifies
the problem.

Let us describe the stress-strain state upon freezing of the water–ice system confined in a shell representing a
conglomeration of ice and a structurizing base (material). Suppose that the mechanical processes proceed much faster
than the thermal ones and the system always has time to react to the temperature changes in it. Therefore, we assume
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that the material is in static equilibrium and, consequently, the mechanical problem with regard for the spherical sym-
metry will take the form [1]
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The boundary layer for each ice interlayer in the case where the outer shell is rigid and does not deform and
in the liquid phase the hydrostatic pressure Pw is maintained is of the form

r = rout :   u = 0 ;   r = rice0 :   σrr = Pw . (2)

If, on the inner surface of the outer shell, the pressure Pex is applied, then

r = rout :   σrr = Pex ;   r = rice0 :   σrr = Pw   (Pex < 0) . (3)

The solution of (1) has the form (see, e.g., [1])
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The strain and stress tensors are calculated by the formulas
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Using the boundary condition (2), we represent the constants a and b as
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In this case, the stress tensor components will be
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From the last formula it is seen that σθθ and σϕϕ can change sign: at r = 
3
√(1 − 2ν) ⁄ (1 + ν)  rout, σθθ = σϕϕ = 0, at

r > 
3
√(1 − 2ν) ⁄ (1 + ν)  rout, σθθ = σϕϕ < 0, and at r < 

3
√(1 − 2ν) ⁄ (1 + ν)  rout, σθθ = σϕϕ > 0.

For the boundary conditions (3), the constants a and b will be
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In this case, the stress-tensor components are defined by the expressions
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The hydrostatic pressure Pw of the water is calculated by the formula

Pw = Kw 
V − V0

V0
 .

(14)

For small strains at r0 >> ∆r, neglecting the terms of a higher order of smallness, we will have

Pw = 3Kw 
∆r
r0

 .
(15)

Knowing Pw, rw0, and rice0, we can find the values of the strain and stress tensors at any point of r of both
the ice interlayer and the water sphere. The water pressure Pw as a result of the expansion of the ice will be calcu-
lated using the relation

rice0 + uice0 = rw0 + ∆r . (16)

For the boundary conditions (2) at the point of r = rice0
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Then, using (15) and (16), we obtain
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For the boundary conditions (3) at the point of r = rice0
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We calculate the water pressure by the formula
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The value of rw0 corresponds to the zone of the water–ice phase transitions (rph) in solving the Stefan problem and is
determined by the formula

rw0 = rph = 
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The value of rice0 is determined from the expression
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Consider now the thermal problem. The heat-conduction equation for the spherically symmetric case has the form
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We write the Stefan condition at the water–ice interface as
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The basic equation describing the water–ice-I phase transition is the Clapeyron–Clausius equation [2, 3]. How-
ever, it is difficult to express the pressure dependence of the phase-transition temperature in a wide temperature range
by the exact analytical function because of the temperature dependence of the phase-transition heat. Therefore, for fur-
ther calculations the empirical formula given in [4] was used. In our case, the phase-transition temperature Tph depends
on the pressure in the liquid:

Twr=rph
 = Ticer=rph

 = Tph (P) = 273.16 
9√1 − 

P
395.2

 . (25)

On the outer surface of the shell we give the heat transfer by the Newton "law"

λ 
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 = − α (Ts − Tamb) . (26)

For the center of the sphere, we can write the symmetry condition having the form
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The problem was solved numerically using the control-volume approach. Note that coordinate grid numbering
is carried out from the center to the outer surface of the body. Some control volumes on the side of the outer surface
are allotted to the shell. The general difference scheme of Eq. (23) is given as
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where ri+1 ⁄ 2 = 
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2
. At the sphere center, on the basis of (27), we have the simple relation

Tc = T1 , (29)

and on the outer surface we approximate the boundary condition (26) by the difference expression
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Let us now discuss the procedure of calculating the mass of the ice formed and the location and velocity of
the crystallization front. Assume that the water goes to ice instantaneously. Using the fact that our system is broken
down into control volumes, we write the difference analog of the Stefan condition (24) for the ith volume, i.e., we go
from the mathematical surface to the finite volume:
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The quantity of the heat removed from the volume is compensated by the delivered heat and the heat of the water–ice
phase transition. We calculate the mass of the liquid that has turned to ice at the time step ∆t by the formula

∆m = 
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In this case, the temperature Ti of the control volume remains constant and equal to the phase-transition temperature
Tph. We subtract the quantity of the frozen-out mass of the liquid ∆m from the water mass in the control volume and
add it to the ice mass. Now it is easy to calculate the location and velocity of the crystallization front. This proceeds
until the whole of the liquid turns to ice. After this, we pass to the next volume into the depth of the material. Obvi-
ously, as the size of the control volume and the time step decrease, the accuracy of the calculations will increase. This
is the point of the calculation of the water–ice phase transition.

As a result of the discreteness of the numerical scheme, there are certain additional features of its realization.
For instance, the temperature Ti in the nodes of control elements varies jumpwise with time from step to step and,
consequently, can become lower than the phase-transition temperature Tph even before the process of water–ice transi-
tion begins. Therefore, correction of the calculation scheme is conducted as follows. The element temperature is given
to be equal to Tph, and the temperature difference (Tph − Ti) is compensated by the water–ice phase transition. In so
doing, the quantity of the frozen liquid is calculated by the formula

∆m = 
cwme (Tph − Ti)

Qph
 . (33)
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At the end of the process of freezing-out of the liquid in the ith control volume, the mass of the frozen-out
water ∆m calculated by formula (32) may turn out to be larger than what has really remained. This means that the
quantity of heat removed from the element exceeds the quantity of the phase-transition heat in the remaining liquid.
To avoid such a situation, the removed heat surplus is covered by cooling the ice to a temperature below the phase-
transition temperature Tph:

Ti = Tph − 
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The computing method above was used by the author to solve various heat- and mass-transfer problems with
phase transitions [5–14]: investigation and forecast of light frosts on ameliorated peat soils, calculation of the vapor
thermolysis of organic materials, and vacuum evaporation of the liquid from a porous body. The method presented
permits calculating the processes of phase transitions with variable time and coordinate steps, as well as with variable
thermophysical characteristics. It was used in calculating different multifront phase transitions (liquid–gas, liquid–solid,
and solid–gas).

The specific feature of the problem considered in the present paper is the dependence of the phase-transition
temperature on the pressure in the system Tph = Tph(P). The simplest way of taking into account this dependence is
to hold constant the Tph until complete freezing of the ith control volume and change it depending on the pressure
Pw in the liquid phase in order to determine the freezing conditions for the next control volume. The accuracy of such
a calculation will increase with decreasing calculation mesh width.

In the case of shell destruction and pressure drop in the water, a certain layer of the shell becomes super-
cooled due to the increase in the phase-transition temperature. In the supercooled volume, crystallization begins and the
temperature increases to Tph. If the water mass in the control volume is sufficient to increase its temperature to Tph,
then we give the temperature Ti in the control volume to be equal to Tph and calculate the mass of the ice formed by
formula (33). If the water mass in it is insufficient to increase its temperature to Tph, then the temperature increment
is calculated by the formula

∆Ti = 
meQph

cicemice
 . (35)

We perform these operations for all control volumes in the supercooled region.
When the pressure in the liquid phase exceeds the strength of the composite shell (consisting of the outer and

ice shells), discontinuity and expansion of the entire system will occur. To take this into account, we have developed
and realized a procedure of grid reorganization during the destruction and expansion of the system. It was taken into
account that upon expansion the water should occupy a volume corresponding to the stress-free state with a density
ρ = 1000 kg/m3, and each control volume filled with ice increases by a value corresponding to the ice density equal
to ρiceI = 917 kg/m3 (it will be recalled that the mass of the control volume remains constant). To preserve the con-
tinuity of the ice interlayer, it is essential that the outer radius of the ith volume be the inner radius of the (i + 1)st
volume.

Results and Discussion. In the calculations, we took the following characteristics of the material: Tamb =
−30oC; T0 = 0.5oC; Rout = 0.005 m; cw = 4200 J/(kg⋅K); λw = 0.55 W/(m⋅K); ρw = 1000 kg/m3; Qph = 333.6⋅103

J/kg; cice = 2100 J/(kg⋅K); λice = 2.21 W/(m⋅K); ρiceI = 917 kg/m3; csh = 460 J/(kg⋅K); λsh = 1.0 W/(m⋅K); ρsh =
8800 kg/m3; Eice = 9⋅109 Pa; Kw = 2⋅109 Pa; ν = 0.33. Upon freezing in the disperse system, a conglomerate of
ice and the structuring base (material) is formed. The strength of such a system will differ from the strength of the
pure ice and the pure material, and for different materials will be different. Therefore, in the calculations the total
strength of the outer shell and the ice interlayer was varied over a wide range.

Consider first the case where freezing-out of water occurs in a rigid shell. Under these conditions, the whole
of the filled volume of the system remains constant. However, as the water turns to ice, the volume of the latter in-
creases, which leads to a strain of both the ice and the water and, consequently, to the appearance of stresses in the
system. And in the liquid therewith a hydrostatic compression pressure is realized, and in the ice interlayer, as a result
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of the problem symmetry, only the normal components of stresses σrr, σθθ = σϕϕ take place. The component σrr takes
on the maximum value of Pw in magnitude on the inner surface of the ice shell adjoining the water and monotonically
decreases to some value according to formula (8) on the outer surface. It has a negative value all the time, which
means that the ice is compressed in the radial direction. The behavior of the components σθθ = σϕϕ is more compli-
cated and their spatial distribution is given by formula (9). Thus, at a small thickness of the ice interlayer they are
negative and decrease in magnitude in the direction towards the inner boundary surface. As the thickness of the shell
increases, σθθ and σϕϕ take on positive values near its inner surface. Thus, on the outer surface of the ice and near it
the shell is compressed in the tangential direction (σθθ = σϕϕ < 0). Near the center, σθθ and σϕϕ have zero values,
and, consequently strains in these directions are absent. Near the inner surface of the ice the stresses increase and on
the surface itself they take maximum positive values. This means that in this region the ice shell is extended. Freezing
of the system will cause an increase in the stresses to the pressures in the liquid phase Pw = 2.1⋅108 Pa and a de-
crease in the temperature to T = −22oC at the crystallization front. When the pressure Pw is reached, ice-III will begin
to form and the stresses in the system will remain constant.

The system in which the outer shell can deform and, consequently, expand behaves differently. For instance,
in the above case with a rigid shell, despite the large stresses in the ice, it has no possibility to expand and, therefore,
to collapse or flow. With a labile outer shell the ice has the possibility to expand and, consequently, flow and col-
lapse. In this case, the behavior of the components of tensor stresses is described by formulas (12) and (13) and is
similar, qualitatively, to the above case. Upon freezing, the stresses in the system increase and the layer consisting of
ice and the outer shell, having reached critical values of the stresses, collapses, which leads to a decrease in the
stresses in the system. Then the whole process described above will be repeated. This will go on until the whole of
the water freezes out. Thus, the calculations show that when the liquid freezes in a closed volume, large stresses ex-
ceeding the strength of the material structure can develop.

Consider now the temperature field in the body. The temperature distribution in it is monotonic, and in the
plane of the phase transition there is a kink. When the shell collapses, the pressure in the material drops, the phase-
transition temperature increases, and the water turns out to be supercooled, which leads to an intensive water–ice tran-
sition. Since the heat is released intensively, the temperature in the crystallization region increases jumpwise. The
calculations have shown that the value of the temperature jump depends on the shell strength. The higher the strength,
the larger the stresses that the water–ice system can attain and, consequently, the phase-transition temperature takes on
smaller values, which leads to a larger jump upon the destruction of the shell.

On the basis of the investigations made, it may be suggested that one method for freezing organic objects is
to freeze them quickly and on all sides so that closed volumes can be formed. The inhomogeneity of the structure of
the disperse system during freezing can lead to the formation of closed regions with water. The subsequent freezing
causes stresses in the material associated with the water expansion upon its phase transition to ice. They will be in-
creasing until the ultimate strength of the currently existing conglomerate of the ice and the structurizing base (mate-
rial) is attained. The pressure drop in the liquid phase upon destruction will lead to its supercooled state and,
consequently, crystallization of the water with heat release will begin, since ice crystals are already present in the sys-
tem. In so doing, the material temperature will increase stepwise. Then the process described will be repeated until the
whole of the water is frozen out.

Conclusions. The paper presents physical and mathematical models of the freezing of water confined in a
spherical shell. Formulas for calculating the stress-strain state of the water–ice system are given. A method for numeri-
cal calculation of the Stefan problem that takes into account the dependence of the phase-transition temperature on the
pressure in the liquid is proposed. The freezing process with account for the development of stresses in the system has
been described.

NOTATION

a, constant; Bi, Biot criterion; b constant; c, specific heat capacity, J/(kg⋅K); cw, specific heat capacity of
water, J/(kg⋅K); cice, specific heat capacity of ice, J/(kg⋅K); csh, specific capacity of the shell, J/(kg⋅K); Eice, elastic
modulus of ice, Pa; Kw, compression modulus of water, Pa; ∆m, mass of the liquid that has turned to ice, kg; Mice,
mass of the ice shell, kg; mice, mass of ice in the control element, kg; me, mass of water in the control element, kg;
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P, pressure, Pa; Pw, hydrostatic pressure of water, Pa; Pcr, critical pressure at which ice-III is formed, Pa; Pex, external
pressure, Pa; Rout, outer radius of the spherical shell, m; r, radius, m; ri, radius of the nodal point of the ith control
volume, m; r0, initial radius, m; rout, outer radius of the liquid sphere at the initial (stress-free) moment of freezing,
m; rw0 = rph, location of the zone of the water–ice phase transition obtained from the solution of the Stefan problem,
m; rice0, inner radius of the ice shell, m; ∆r, water sphere deformation along the radius r , m; Qph, crystallization heat,
J/kg; T, temperature, oC; Ti, temperature of the ith control volume, oC; Tw, temperature of water, oC; Tice, temperature
of ice, oC; Tamb, ambient temperature, oC; T0, initial temperature of the system, oC; Ts, temperature of the outer sur-
face of the shell, oC; Tph, temperature of the water–ice transition, oC; Tc, temperature at the center of the sphere, oC;
t, time, sec; u, displacements along the coordinate r, m; uice0, displacements of the ice interlayer at the point rice0
along the coordinate r, m; V, volume, m3; V0, initial volume, m3; α, heat-transfer coefficient, W/(m2⋅K); εrr, εθθ,
εϕϕ, strain-tensor components; λ, heat conductivity, W/(m⋅K); λw, heat conductivity of water, W/(m⋅K); λice, heat con-
ductivity of ice, W/(m⋅K); λsh, heat conductivity of the shell, W/(m⋅K); ν, Poisson coefficient of ice; ρ, density,
kg/m3; ρw, water density, kg/m3; ρice−I, ice-I density, kg/m3; ρsh, shell density, kg/m3; σrr, σθθ, σϕϕ, stress-tensor
components, Pa. Subscripts: i, control-volume number; k, time-step number; w, water; ph; phase transition; ice, ice;
out, outer radius; ex, external pressure; s, surface; amb, ambient; 0, initial; sh, shell; e, element; cr, critical; c, center.
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